The Laplace-Beltrami operator in the curved Möbius strip is investigated in the limit when the width of the strip tends to zero. By establishing a norm-resolvent convergence, it is shown that spectral properties of the operator are approximated well by an unconventional flat model whose spectrum can be computed explicitly in terms of Mathieu functions. Contrary to the traditional flat Möbius strip, our effective model contains a geometric potential. A comparison of the three models is made and analytical results are accompanied by numerical computations.
Introduction
The unorientable nature of the Möbius strip has fascinated scientists as well as laypeople since its discovery in the nineteenth century (see [14] for a popular overview), or perhaps even before (cf. [6] ). In this paper we are interested in the interplay between the peculiar geometry of the Möbius strip and its physical properties quantified by spectral data, which seems to have escaped the attention of the scientific community so far.
The true model. We start with the traditional geometric realisation of the Möbius strip as a twodimensional ruled surface built along a circle of radius R > 0 in R 3 :
where a ∈ (0, R) is the half-width of the strip, see Figure 1 . Notice that the surface Ω is not orientable due to the division of the angle s/R by the factor two, while the strip is still well "glued together" at the endpoints corresponding to s = 0 and s = 2πR. We consider the self-adjoint operator
which acts as Laplace-Beltrami operator in Ω and satisfies Dirichlet boundary conditions on ∂Ω. Depending on whether we consider the wave, heat or Schrödinger equation on Ω, the eigenvalues and eigenfunctions of −∆ Ω D have various physical meaning. Here we mostly use the quantum-mechanical language, where −∆ Ω D is the Hamiltonian of an electron constrained to Ω by hard-wall boundaries and the eigenvalues and eigenfunctions correspond to bound-state energies and wave-functions, respectively. (In order to simultaneously consider the other physical models, we disregard the possibility of adding a geometric potential due to the embedding of Ω in R 3 , see [11] and references therein.) When interested in analytic properties of the Möbius strip Ω, we call −∆ Ω D the true (or full ) model. The fake model. The weak point of the true model −∆ Ω D is that its spectrum cannot be computed explicitly (for numerical calculations, see, e.g., [13, 12] , and below). On the other hand, the spectrum of the flat model −∆ Ω0 D represented by the Laplacian in Ω 0 := (0, 2πR) × (−a, a) , subject to Dirichlet boundary conditions ψ(s, ±a) = 0 (2) for almost every s ∈ (0, 2πR) and twisted periodic boundary conditions
for almost every t ∈ (−a, a), is explicitly computable. Indeed, by considering the spectral problem (which can be solved by separation of variables) for the Laplacian in the extended strip (−2πR, 2πR) × (−a, a), subject to Dirichlet boundary conditions on (0, 2πR) × {±a} and standard periodic boundary conditions on {±2πR} × (−a, a), by symmetry arguments one easily arrives at
where N * := N \ {0} (the set N of all natural numbers contain zero in our convention). At the same time, the eigenfunctions corresponding to the eigenvalues in (5) are explicit combinations of sines and cosines. While the flat model −∆ Ω0 D keeps the topology of the Möbius strip, it completely disregards the curved nature of Ω, and for this reason we also call it the fake model. Of course, there is no reason to expect that the spectrum (5) is in any sense related to (i.e., approximating) the spectrum of −∆ Ω D .
The not-so-fake model. The main objective of this paper is to introduce a new model of the Möbius strip, whose spectrum is explicitly computable and simultaneously approximates the spectrum of the true model −∆ Ω D in the limit of thin strips, i.e. a → 0. This not-so-fake (or effective) model is given by the perturbed operator
Hence, the addition of the geometric potential V eff to the fake model is necessary to get a more realistic approximation of the dynamics. In accordance with general thin strips [10, Sec. 3], we have V eff (s, t) = − 1 4 κ g (s) 2 − 1 2 K(s, 0), where K is the Gauss curvature of Ω and κ g is the geodesic curvature of the underlying circle as a curve on the surface Ω, see Remark 3. The aforementioned approximation in thin strips will be justified by showing that the norm of the difference of the resolvents of −∆ Ω D and H eff vanishes as a → 0. Two remarks are in order. First, since the operators act in different Hilbert spaces, a natural identification is necessary. Second, since the eigenvalues tend to infinity as a → 0, see (8) below, it does not really make sense to compare the resolvents (−∆ Ω D − z) −1 and (H eff − z) −1 (at least with an a-independent z); instead we consider renormalised operators by subtracting the lowest transverse energy
Namely, we prove (see Theorem 1)
where U : L 2 (Ω) → L 2 (Ω 0 ) is a suitable unitary transform and z is any a-independent number lying simultaneously in the resolvent sets of the shifted operators −∆ Ω D − E 1 and H eff − E 1 . In other words, we establish the norm-resolvent convergence in a generalised sense. An advantage of this approximation is that (by the same extension trick as for the fake model above) the spectrum of H eff can be computed explicitly:
where a m and b m are Mathieu characteristic values (see Remark 2 below and [2, Sec. 20]). The eigenfunctions corresponding to the eigenvalues in (8) are this time explicit combinations of Mathieu integral order functions.
Organisation of the paper. The fake and not-so-fake models are studied in Sections 2 and 3, respectively, where we particularly establish the spectral results (5) and (8) and determine the corresponding eigenfunctions. The norm-resolvent convergence (7) is established in Section 4. Our analytical results are illustrated by numerical computations in Section 5. In particular, we show the suboptimality of the rate O(a) in the approximation of the spectrum of −∆ Ω D by the spectrum of the not-so-fake model H eff .
The fake model
The fake model is introduced as the operator −∆ Ω0 (2) and (3)- (4) , where the boundary conditions are understood in the sense of Sobolev-space traces (see, e.g., [3] ).
Proposition 1. −∆ Ω0
D is a positive self-adjoint operator with compact resolvent. Proof. The operator is clearly densely defined. Let · and (·, ·) denote the norm and inner product of
where the second boundary integral on the first line vanishes because of (2) and, using (3)-(4) together with an integral substitution,
Hence, −∆ Ω0 D is obviously symmetric. At the same time, using the Poincaré-type inequality
we have
so −∆ Ω0 D is a positive operator whose spectrum does not start below E 1 . To see that −∆ Ω0 D is self-adjoint is more subtle. A possibility how to verify it is to consider the closed quadratic form (2) and (3) .
Let H 0 denote the self-adjoint operator associated with Q Ω0 D via the first representation theorem [9, Thm. VI.2.1]. We claim that H 0 = −∆ Ω0 D . Indeed, by an integration by parts, it is easy to see that −∆ Ω0 D ⊂ H 0 . The opposite inclusion −∆ Ω0 D ⊃ H 0 can be checked with help of standard elliptic regularity theory (cf. [5, Sec. 3] for an analogous problem). Finally, the resolvent of −∆ Ω0 D is compact as a consequence of the compactness of the Sobolev embedding W 2,2 (Ω 0 ) → L 2 (Ω 0 ).
In order to determine the spectrum of −∆ Ω0 D , it is convenient to consider the extended strip
and the associated Laplacian T 0 in L 2 (Ω 0 ) with combined Dirichlet and standard periodic boundary conditions,
and ψ(−2πR, t) = ψ(2πR, t) , ∂ 1 ψ(−2πR, t) = ∂ 1 ψ(2πR, t) , ∀t ∈ (−a, a) .
This operator is well known to be self-adjoint and its spectrum can be easily found by separation of variables:
The corresponding normalised eigenfunctions of T 0 read
As eigenfunctions of a self-adjoint operator, it is also well known that {φ m,n } m∈Z, n∈N * is a complete orthonormal set in L 2 ((−2πR, 2πR) × (−a, a)). By symmetry properties of ϕ m and χ n , we have φ m,n (2πR, −t) = (−1) m+n+1 φ m,n (0, t) ,
Therefore we see that φ m,n satisfies the boundary conditions (3)-(4) if, and only if, m + n is odd. Consequently, 13) and the corresponding normalised eigenfunctions of −∆ Ω0 D are given by the restrictions
To show that the right-hand side of (13) determines all the eigenvalues of −∆ Ω0 D , we need the following result.
Proof. The property that {φ m,n } m∈Z, n∈N * is a complete orthonormal set in L 2 (Ω 0 ) is equivalent to the validity of the Parseval equality
, where · and (·, ·) denote the norm and inner product of L 2 (Ω 0 ), respectively. Given an arbitrary g ∈ L 2 (Ω 0 ), we define the extension
By an obvious integral substitution, it is straightforward to check the identity
where on the right-hand side we use the same notation · for the norm of L 2 (Ω 0 ). At the same time, using in addition to the substitution the symmetry properties of ϕ m and χ n , we have
where on the right-hand side we use the same notation (·, ·) for the inner product of L 2 (Ω 0 ). Putting (17) and (18) into (15), we get the Parseval equality
which is equivalent to the desired completeness result.
As a consequence of this proposition and (13), we conclude with the desired result (5) . The elements of the set (5) will be denoted by λ m,n .
Remark 1. The lowest eigenvalue λ 0,1 = E 1 is simple and the corresponding eigenfunction ψ 0,1 is positive. In particular, the inequality (10) is optimal. The eigenvalues λ m,n with m = 0 are always degenerate. In particular, the second eigenvalue
is always degenerate. Furthermore, if πR = a then the second eigenvalue has multiplicity four.
The not-so-fake model
Since V eff is real-valued and bounded, the operator sum H eff := −∆ Ω0 D + V eff in (6) defines a self-adjoint operator. As in the fake model, together with H eff in L 2 (Ω 0 ), we also consider T eff := T 0 + V eff in the extended Hilbert space L 2 (Ω 0 ). The eigenvalues and eigenfunctions of T eff can be found by separation of variables. In the second variable we get the same result as in the previous section: the normalised eigenfunctions of the Laplacian in L 2 ((−a, a)), subject to Dirichlet boundary conditions, are numbered by n ∈ N * and given by χ n as in (12) and the corresponding eigenvalues are E 1 n 2 . The case of the first variable is a little bit more involved. After the separation of variables, we arrive at the differential equation
It turns out that this is the Mathieu differential equation. Before we proceed any further let us first review basic properties of Mathieu functions.
Remark 2 (Mathieu functions). We use the following notation (see [1, §28.2]). Fix q, µ ∈ R and consider the ordinary differential equation 
The Mathieu integral order functions ce m (η, q) with m ∈ N and se m (η, q) with m ∈ N * are defined in the following way: ce m (η, q) is the even solution of (20) with µ = a m (q) and se m (η, q) is the odd solution of (20) with µ = b m (q). Both ce m (·, q) and se m (·, q) are 2π-periodic. Moreover, ce 2m (·, q) and se 2m+2 (·, q) are π-periodic and ce 2m+1 (·, q) and se 2m+1 (·, q) are antiperiodic with antiperiod π. For any q ∈ R, the integral order Mathieu functions ce m (η, q) and se m (η, q) taken together form an orthogonal basis in L 2 ((−π, π)) (see [2, §20.5]). We assume both ce m (η, q) and se m (η, q) are normalised to √ π in 
The eigenvalues of T eff therefore read
The corresponding normalised eigenfunctions are given by
and they form a complete orthonormal set of L 2 (Ω 0 ). Let us now find the eigenfunctions and eigenvalues of the not-so-fake Möbius-strip operator H eff . Note that for any j = 1, 2 the functions ϕ (j) m are antiperiodic (respectively, periodic) with antiperiod 2πR (respectively, period 2πR) whenever m is odd (respectively, even). Using this observation we establish the following symmetry properties of the eigenfunctions of T eff :
, (26) for any j = 1, 2 and all permissible m and n. In particular, setting s = 0 in the last equation we have
and so φ (j) r,n with j = 1, 2 satisfies the boundary conditions (3)-(4) if, and only if, m + n is odd. Consequently,
The corresponding normalised eigenfunctions of H eff are given by the restrictions
That the normalisation factor √ 2 is correct follows from the final equations (22) and (23) in Remark 2 and equations (24)-(25). To show that the right-hand side of (27) determines all the eigenvalues of H eff , we need the following result analogous to Proposition 2. Proof. The property that the set φ (j) m,n j=1,2, (m,n)∈Nj is a complete orthonormal set in L 2 (Ω 0 ) is equivalent to the validity of the Parseval equality
for every f ∈ L 2 (Ω 0 ). Given an arbitrary g ∈ L 2 (Ω 0 ), we define the extension f ∈ L 2 (Ω 0 ) as in (16). By an obvious integral substitution, it is straightforward to check the identity (17). At the same time, using in addition to the substitution the symmetry property (26), we have
Putting (17) and (29) into (28), we get the Parseval inequality
As a consequence of this proposition and (27), we conclude with the desired result (8) . Note that the particular Mathieu characteristic values a m (−1/4) and b m (−1/4) appearing in (8) do not depend on a neither R. However, their value gets very close to each other with increasing m. First few of these values are presented in Table 1 . Consequently, the not-so-fake model exhibits pairs of eigenvalues located very close each other (also recall (21)). 4 From the true to the not-so-fake model
Except for the segment L ({0} × (−a, a)), which has the Lebesgue measure equal to zero, it is thus possible to identify Ω with the Riemannian manifold (Ω 0 , G), where G := ∇L · (∇L ) T is the metric induced by L . It is straightforward to check that G has the diagonal form
Without any restriction on the positive parameters a and R, the Jacobian f is always positive, and therefore (Ω 0 , G) is an immersed manifold. In fact, we have the uniform bounds
valid for every (s, t) ∈ Ω 0 . If one wants to make (Ω 0 , G) embedded (and keep the geometric interpretation via a non-overlapping Möbius strip Ω), it is needed to impose the condition a < R. For our purposes, however, it is enough to work in the more general, immersed setting. In view of the identification above, the Laplace-Beltrami operator −∆ Ω D in L 2 (Ω) can be identified with the operator
subject to Dirichlet boundary conditions (2) and twisted periodic boundary conditions (3)-(4). Here we use the Einstein summation convention with the range of indices i, j = 1, 2, |G(s, t)| := det(G) = f 2 and G ij denote the coefficients of the inverse metric G −1 . More specifically, H is introduced as the self-adjoint operator associated with the closed quadratic form (2) and (3) .
Notice that the form domain coincides with the form domain of the fake Möbius strip −∆ Ω0 D (cf. (11)) as well as the not-so-fake model H eff .
Since we are interested in the limit a → 0, it is convenient to introduce the unitary transform U : L 2 (Ω 0 , f (s, t) ds dt) → L 2 (Π) by setting Proposition 4. One has
where f a (s, u) := f (s, au) and
Proof. The mapping property U W 1,2 (Ω 0 ) = W 1,2 (Π) is easily checked with help of (30) and the fact that there is a constant C such that |∇f (s, t)| ≤ C for every (s, t) ∈ Ω 0 . If ψ satisfies the Dirichlet boundary conditions (2) 
where G a (s, u) := diag(f 2 a , a 2 ) and the arguments (s, u) ∈ Π of the functions and the measure of integration ds du are suppressed. Here it is crucial that the boundary terms due to the integration by parts vanish. This is easy to see when we integrate by parts with respect to the second variable, because of the Dirichlet boundary conditions φ(s, ±1) = 0 for almost every s ∈ (0, 2πR). To see it also when we integrate by parts with respect to the first variable, we notice the property ∂ 1 f a (0, u) = 0 = ∂ 1 f a (2πR, u) for every u ∈ (−1, 1). Using the special form of G a , we get the desired formula.
We observe that there exists an a-independent constant C such that
and
for every (s, u) ∈ Π. Hereafter we use the convention that C denotes an a-independent constant which may change its value from one line to another. Consequently, there exists another constant C such that
for every (s, u) ∈ Π, where V eff is defined in (6) . for the geodesic curvature of the circle. Consequently,
in agreement with the case of general thin strips [10, Sec. 3] . Notice that while the geodesic curvature has a jump at the endpoints of the Möbius strip, namely κ g (0) = −κ g (2πR), which reflects the fact that Ω is not orientable, the effective potential V eff extends to a smooth function on Ω.
In order to compare the true Möbius strip H (which is unitarily equivalent to L in L 2 (Π)) with the not-so-fake model H eff in L 2 (Ω 0 ), we also map the latter to an operator in the a-independent Hilbert space L 2 (Π). This is achieved by the unitary transform U eff : L 2 (Ω 0 ) → L 2 (Π) that acts as
It is elementary to check that the unitarily equivalent operator L eff := U eff H eff (U eff ) −1 is associated with the quadratic form
where D(l) is given in Proposition 4. Now we are in a position to establish the norm-resolvent convergence.
, there exists an a-independent constant C such that, for all positive a,
where · denotes the operator norm in L 2 (Π).
Proof. Using (9) and an elementary estimate of V eff , we have
Consequently, any negative z with sufficiently large |z| (with the largeness independent of a) belongs to the resolvent set of H eff . Using (33), the same conclusion holds for L. Fixing such an a-independent z and given arbitrary functions f, g ∈ L 2 (Π), let us consider the resolvent equations
The first equation implies
where · and (·, ·) denote the norm and inner product of L 2 (Π). Recalling (9), we obtain
where C := [|z| − (8R 2 ) −1 ] −1 . Similarly, using in addition (32) and (33), the second equation of (35) yields ψ ≤ C g and
with some a-independent constant C. Let us now write
where l(·, ·) (respectively, l eff (·, ·)) denotes the sesquilinear form associated with l[·] (respectively, l eff [·]). The last identity employs the fact that the form domains of L and L eff coincide. We have
where the first estimate follows by (32) and (33) together with the Schwarz inequality and the second inequality employs (36) and (37). Combining (38) and (39), we obtain (34). In view of [9, Rem. IV.3.13], the estimate (34) extends to any z in the resolvent sets of L and L eff .
As a particular consequence of (34) and [8, Chapter II, Corrolary 2.3], we get the convergence of eigenvalues of L to the eigenvalues of L eff . More specifically, for fixed real z ∈ σ(L) ∪ σ(L eff ) and every j ∈ N * , we have 1
where the a-independent constant C is the same as in (34) and {λ j (A)} j∈N * denotes the non-decreasing sequence of eigenvalues of a self-adjoint operator A with compact resolvent, where each eigenvalue is repeated according to its multiplicity (cf. [7, Sec. 4.5] ). The eigenvalues λ j (L eff ) are known explicitly, see (8) . In particular, given any j ∈ N * , the shifted eigenvalue λ j (L eff ) − E 1 is independent of a for all sufficiently small a (with the smallness depending on j) and we thus get the following result.
Corollary 1. For every k ∈ N * , there exist positive a-independent constants C k and a k such that, for all a ≤ a k , ∀j ∈ {1, . . . , k} ,
The convergence in norm of corresponding spectral projections also follows.
Numerical results
In this closing section, we will numerically investigate properties of the eigenvalues and eigenfunctions of the true and not-so-fake Möbius models described above. In view of the unitary equivalence described in Section 4, our starting point is the operator L associated with the quadratic form l introduced in Proposition 4. It corresponds to the operator
subject to Dirichlet boundary conditions ψ(s, ±1) = 0 (40) for almost every s ∈ (0, 2πR) and twisted periodic boundary conditions
for almost every u ∈ (−1, 1). The rectangular domain is defined in (31) and the functions V a and f a can be found in Proposition 4. In order to numerically analyse solutions of the eigenvalue problem Lf = λf , we employ a particular orthonormal basis of L 2 (Π) formed by eigenfunctions of the fake model,
where Ψ m,n (s, u) := √ a ψ m,n (s, au) and ψ m,n is defined in (14) . For convenience, let us arrange the eigenvalues (5) of the fake model in a non-decreasing sequence {λ (fake) j } j∈N * , where each eigenvalue is repeated according to its multiplicity. The set of corresponding eigenfunctions will be denoted by
and Ψ j with j ∈ N * obey the Dirichlet (40) as well as twisted periodic boundary conditions (41)-(42). Now let us fix a large N ∈ N * and consider the orthogonal projection P N onto the linear span of the truncated orthonormal set B N = {Ψ j } N j=1 . Instead of the full eigenvalue problem for L we solve the finite-dimensional eigenvalue problem for P N LP N . In other words, we compute eigenvalues and eigenvectors of the matrix M ∈ R N,N with entries
where (·, ·) denotes the inner product in L 2 (Π). The resulting eigenvaluesλ 
. Note that the entries of M have to be evaluated numerically, in particular we have the following expression
where δ mn is the usual Kronecker symbol.
Remark 4. Before we conclude this section with the presentation of our numerical results, let us make two remarks. The matrix M is a N × N real symmetric and full matrix (i.e. not a sparse one). Its eigenvalues and eigenvectors can be computed numerically using one's favorite computer algebra system, we use the Julia programming environment [4] . All of our code is available in a public GitHub repository 1 . The reason for taking the eigenvectors of the fake model instead of not-so-fake model is that it is much easier to work with sines and cosines instead of Mathieu functions.
Let us conclude this section with a short review of the results of our numerical experiments. In Figure  2 one can see the eigenfunctions of the operator L with a = 1.3 and R = 18/(2π). It is also interesting to visualize eigenvectors as living on the original Möbius strip. This is the purpose of Figure 3 where we have taken a = 0.75 and R = 13.2/(2π). Table 2 contains approximations of the corresponding first twenty eigenvalues of the operator L.
Finally, we wish to test the expected asymptotic behavior of the not-so-fake and true model as the thickness of the Möbius strip a goes to zero (recall Theorem 1). Let λ (not-so-fake) n (a) and λ (true) n (a) denote the nth eigenvalue of the operator L eff and L, respectively. The former is known explicitly (see equation (8)), the latter can be computed numerically as described in the previous paragraphs. The resulting approximation well be denoted byλ
In order to test the convergence rate we plot the ratio λ (not-so-fake) n −λ (true) n a 2 for n = 1, . . . , 20 and a ranging from 0.01 to 1.5 with R = 18/(2π), see Figure 4 . In this particular case we also check convergence of the corresponding normalized eigenvectors. In Figure 5 we plot the ratio
Both of these experiments suggest that the convergence rate is quadratic as a goes to 0 and so the Corollary 1 is only a good upper estimate. 
